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Abstract. A method based on a convex combination of the Broyden and another quasi-Newton 
type update is described. Computational results exhibiting the relative efficiency of the prc- 
posed method for kidney models are given. 
1. INTRODUCTION 
Realistic and comprehensive mathematical methods of the concentrating mechanism of the 
kidney lead to large systems of nonlinear differential equations. Due to their complexity and 
connectivity, such equations cannot be solved analytically and numerical techniques must 
be used [1,2]. Let 
H(r) = 0 (1) 
be the set of nonlinear algebraic equations obtained by the discretization of differential 
equations under investigation. In order to solve such equations efficiently, we make use of 
the physiological connectivity of the kidney to split (1.1) as [3-51 
f<% x) = 0, (3) 
such that when z is given, it is relatively easy to solve (1.2) for u. The value of u so obtained 
is a function I, viz., u = u(z) and g(u(z),z) 3 0. Substituting u(z) in (1.3), we have 
f(u(x), x) = 0. 
We can consider j to be a function of only x and rewrite (1.4) as 
f(x) = 0. (5) 
Up until the present, we have used one iteration of Newton’s method in (1.5) and then 
continued by updating the Jacobian by Broyden’s method [l-5]. In this paper, we propose 
a method which is not only faster but also more robust for the class of problems we must 
handle in kidney modeling. In Section 2, we give a brief description of Broyden’s method. 
This is followed by the derivation of the formulas for the proposed method. Computational 
results are given in Section 3. 
Research supported by NIH Grants AM17593 and AM31550. Preliminary results of this research were pre- 
sented ss part of an Invited Paper at the Seventh International Conference on Computer and Mathematical 
Modeling, August 2-5, 1989, Chicago, Illinois. 
Typeset by A&-Y&X 
AHL w-0 93 
94 TEWARSON, S. KIM, AND J.L. STEPHENSON 
2. QUASI-NEWTON METHODS 
Let I be a given approximation to a root I* of the system of equation (1.5). If z* = ++dz, 
then we have 
f(z’) = 0 = f(z + dz) = f + f’dx + . . . sa f + Bdx, 
where f = p(z), f’ is th e J acobian of f evaluated at I, and B is aa approximation for f’. 
Thus an approximate value for dx can be obtained by solving 
Bdx = -f. (6) 
The next approximation, say Z, to z* is then x* $;: 3 = z + dx. Now f = f(z) = f(Z - dx), 
or 
f =T--fdx+...xf-Bdx, 
where B is an approximation to the Jacobian -f’ at 3’. Thus we have 
Bdt=f-- f. 
Let 3 = B + AB, then (2.2) leads to (B + AB)dx = f - f, or 
ABdx = f - f - Bdx, and using (2.1) we get 
(7) 
ABdx = 7. (8) 
If line search is used [6], then instead off on the right-hand side of (2.3a), we have t-‘(f- 
f) - Bdx, the scalar t minimizes I] f (x + tdx) 11. W e h ave shown in [S] that of all possible 
solutions to (2.3a), the Broyden update 
(9) 
is the one which minimizes ]I AB II= T race(ABABT), viz., the sum of the squares of the 
elements of AB. On the other hand, the update 
minimizes 
]I AB /Iv-l= Trace(ABV-‘AB=). (11) 
Let V = BTB and ds = -BTf. Then, using (2.1), Vdx = BTBdx = -BTf = ds, and 
(2.6) can be rewritten as 
AB2 = 7-&. (12) 
In view of (2.7), ABz minimizes 
Trace(ABB”(ABB-‘)T). (13) 
Let AB = rABi + (l- r)ABs, where r is chosen so that the absolute values of the 
nonzero eigenvalues of GAB1 -and (1 - 
ABi and ABz are, respectively, g 
therefore, 
7= 
r)ABz are equal. Since the nonzero eigenvalues of 
and s, we have r]&] = (1 - r)]$$& and 
1 
1+1@$1. 
(14) 
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3. COMPUTATIONAL RESULTS 
We used a five-tube model of the concentrating mechanism of the kidney. The first four 
tubes interact transmurally with tube 5 (central core). We considered four variables in each 
tube. This lead to 20 nonlinear differential equations. If n is the number of discretization 
steps then this leads to 20n nonlinear algebraic equations, viz., H, z E RZo”. Using physio- 
logical connectivity, we can partition the equations so that f, z E @“+l and g, u E R17*-l. 
In Table 1, we have compared the present method (PM) with Broyden method (BM) for 
different set of values of n. In all cases PM was better than BM. The last column in the table 
shows for each n the percentage by which BM performed worse than PM. For n=30, PM 
converges but BM fails to converge. Furthermore, PM gets better than BM as n increases. 
All the computations were done on a Microvax II. 
Size 
L5 
510 
ti15 
ti20 
li30 
ti40 
Dimension of Dimension of 
Horz : 20n f or 2 : 3n + 1 
100 16 
200 
300 
400 
600 
800 
31 
46 
61 
91 
121 
Number of Norm of g 
Iterations II !J 112 
PM8 0.6317(-6) 
BMlO 0.4833( -6) 
PM13 0.8394( -6) 
BM14 0.9963( -6) 
PM14 0.7130(-6) 
BM16 0.9252( -6) 
PM16 0.9576( -6) 
BM19 0.1530(-6) 
PM21 0.3554( -6) 
BM- diverges 
PM22 0.6596( -6) 
BM30 0.7433(-6) 
Time in 
Minutes v 100 
0.1203 6.32% 
0.1279 
0.4357 4.04% 
0.4533 
0.9087 4.62% 
0.9507 
1.5831 7.78% 
1.7062 
3.9051 - 
7.7598 25.66% 
9.7507 
TABLE 1: PRESENT METHOD vs. BROYDEN’S METHOD 
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